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Discordant states appear in a large number of quantum phenomena and seem to be a good 
indicator of divergence from classicality. While there is evidence that they are essential for a quantum 
algorithm to have an advantage over a classical one, their precise role is unclear. We examine the 
role of discord in quantum computation using the paradigmatic framework of restricted distributed 
quantum gates and show that manipulating discordant states using local operations has an associated 
cost in terms of entanglement and communication resources. Changing discord reduces the total 
correlations and operations on discordant states require entanglement resources. Discord is, however, 
only the last in a hierarchy of similar quantities which we call if-discord, each restricting the kinds 
of operations that can be performed without entanglement resources. 



In recent years quantum discord and similar quantities 
have become an actively studied topic. There is mount- 
ing evidence that discordant states play an essential role 
in a wide variety of quantum phenomena (see [l[ and ref- 
erences therein). In many cases discord seems to act as a 
more natural measure of quantum correlations then en- 
tanglement [l], , and has sometimes been hailed as an 
essential resource for mixed state quantum computation 
The term resource is, however, debatable, mainly 
due to the fact that very few limitations have been found 
on the creation and manipulation of discord. Most no- 
tably, unlike entanglement, discord can be created and 
increased using local operations. 

Nevertheless, there is strong evidence that discordant 
states play a role in mixed state quantum computation 
and discord is in many ways an indication of the diver- 
gence from classicality [l], Q . Discord has also been re- 
lated to entanglement in various ways. One operational 
example is the link between entanglement resources and 
the manipulation of discordant states using local oper- 
ations and classical communication (LOCC) Q. This 
relation is based on the fact that there is no local, rank- 
1, positive operator valued measurement (POVM) that 
leaves a discordant state invariant. 

The restriction of the measurements to rank-1 comes 
from the original definition of discord as a measure of 
quantum correlations [l], [H-@] • This definition naturally 
selects measurements that maximize information gain. 
However, when discussing LOCC protocols it is often 
useful to make measurements that reveal less informa- 
tion and are consequently less disturbing. In this regard 
a more general version of discord needs to be considered. 
A similar issue was recently discussed in Q in relation to 
local unitary operations. 

In this paper we tackle a number of problems described 
above. First we show that changing discord using local 
operations has an associated cost in terms of mutual in- 
formation. Next we define a version of discord that takes 
into account measurements with less outcomes then the 



dimension of the state. We use this version of discord 
to extend the results of Q into more general types of 
states including those used in NMR quantum computa- 
tion. Changing discord in an ensemble of these states, 
without information loss, requires non-local resources. 

Quantum correlations - The total correlation in a 
quantum system that is shared by two parties, Alice and 
Bob, is given by the mutual information I(A : B) = 
S(pab\\pa <£> Pb) where S(p\\r) = tr(p\ogp - plogr) 
is the relative entropy and pa and pb the local states 
of Alice and Bob respectively. We can define quantum 
discord as the minimal change in mutual information af- 
ter the application of a rank-1 POVM 0: D(B\A) = 
mm s 2 a }[I(AB) — I(A'B')]. Here pab is the initial state, 
Pab = Ea M a p_ABMl is the state after the POVM {E a } 
with elements E a = M\M a and the bar signifies that the 
elements are rank-1 (note that p' A may have a different 
dimension then pa)- Alternatively it can be written as 

D{B\A) = I(A : B) - m^Y^ Pa S{p B \ Ea \\p B ), (1) 

where Ps\E a is the state of Bob's system after a mea- 
surement by Alice with outcome a. One important 
feature of discord is that it is zero if and only if the 
state is of the form pab = J2 a Pa^a <S> p B \a: where 
{n a } is a set of orthogonal projectors. Discord is re- 
garded as the quantum part of the correlations [f| and 
J(B\A) = I (A : B)-D(B\A) is a measure of the classical 
part Q. 

Discord, classical correlations and mutual informa- 
tion are invariant under local unitary operations. Mu- 
tual information and classical correlations are also non- 
increasing under local operations Q. Discord on the 
other hand can both increase and decrease under local 
operations [l|. Both discord and classical correlations 
are not symmetric under the interchange of the subsys- 
tems, without loss of generality we always consider the 
discord under a POVM on Alice's system. 
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Discord and local operations- To show that chang- 
ing discord implies the loss of correlations wc will use 
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a special case of Petz's theorem [l(| [TT[ regarding 
the reversibility of completely positive trace preserving 
(CPTP) operations. 

Lemma 1. Given two states pab and tab = ta ® tb 
and a local (CPTP) operation Aa on Alice's side, the 
equality S[pab\\tab] = S[A a (pab)\\Aa{tab)} holds if 
and only if there exists a local operation A A such that 
^*a A a[(tab)} = tab and A* a [A a (pab)) = Pab fH]- 

This lemma implies that a local operation made by Al- 
ice will change the mutual information unless it can be 
reversed locally. We can now prove the following theo- 
rem. 

Theorem 1. If a local operation A(pab) = Pab changes 
discord, D(B\A) ^ D(B'\A), it also decreases mutual 
information, I(pab) > Hp'ab)- 

Alternatively, using the fact that local operations can- 
not increase mutual information, the theorem reads: 

For a local operation A(pab) = p'ab we have I(pab) = 
I{p' AB )^D{B\A) = D{B>\A>). 

Proof. First we show that discord cannot be decreased 
without affecting mutual information. Neither mutual 
information, I(A : B), nor classical correlation, J(B\A), 
can increase under local operations @. Using I (A : B) = 
J(B\A) + D(B\A) we see that decreasing discord reduces 
mutual information by at least the same amount. 

To show that discord cannot be increased we use 
lemma [TJ The operation A must be reversible if mu- 
tual information dose not change. If A increases discord 
without changing mutual information then its reverse can 
decrease discord without changing mutual information, 
violating the first part of the proof. □ 

Theorem [1] implies that any change in discord using 
local operations is associated with information loss. This 
loss can sometimes be reversed by LOCC and previous 
knowledge about the initial state. In what follows we will 
show that operations taking ensembles of initial states to 
final states require non-local resources if discord changes. 
This is a consequence of the effects of measurements on 
discordant states. 

The information loss due to local measurements im- 
poses strong restrictions on the implementation of bi- 
local operations Q ■ Discord typically changes after local 
measurements that reveal maximal information. How- 
ever, one may minimize the information loss by mak- 
ing measurements that reveal less information, for ex- 
ample, by performing measurements with fewer possible 
outcomes. To take such measurements into account we 
define a more general version of discord. 

K-discord - The number of elements in a POVM cor- 
respond to the number of possible outcomes. We define 
the K — discord as the minimal change in correlations 
after a POVM with at least K elements. 

D K (B\A) = min [I(p AB ) - I{p' AB )]. (2) 



where p' AB is the state after the measurement. The pre- 
cise implementation of the POVM is taken into account 
in the minimization. Measurement results are encoded 
in such a way that they can be discriminated perfectly. 
Without loss of generality we can say that, after the mea- 
surement, the state, including the measurement device A, 
is of the form 

PAAB = Yl Pi ^^A^PAB\i> (3) 
i 

where (i A \j A ) = S l} and p A B\i ^ Pab\ 3 for i ^ j. It 
is also useful to describe the measurement process with 
one intermediate step. We start with the measurement 
device in a pure state so p AAB — |0) (0| (g> pab- Next we 
apply a unitary transformation U on AA 

p"aab = U PaabU 1 (4) 

Finally we dephase to obtain the state p' of eq. [H This 
procedure allows us to find the precise structure of the 
IVclassical states defined below. 

Definition 1. A state is called K -classical if either 
D K {A\B) = or D K (B\A) = 0. 

Theorem 2. A state pab satisfies D K (B\A) = if and 
only if there exists a set of K orthogonal projectors YL Ai 
such that JV=i = 1a and 

K 

PAB = Y^T±- AiPAB U Ai (5) 

i=l 

Proof. The states with the property PA b = 
X^fLi ^AiPAB^At are by construction of the type 
D k (B\A) = 0. 

For the inverse we use the sequence p AAB — > p" AAB ~^ 
p'aab described above with a n element POVM, n > K . 
Since local unitary transformations and adding subsys- 
tems do not change mutual information, and local op- 
erations, such as tracing out a subsystem, may only de- 
crease it we have I (A : B) = I (A A : B) = I{A"A" : 
B") > I (A' A' : B') > I (A' : B') . We require equality 
for each of the mutual information terms above. 

The equality I(A'A : B') = I LA : B') is equivalent to 
saturating strong subadditivity (Appendix [XJ so the 
state p' AAB which is by construction of the form of eq. [3] 
must be of the form 

n 

PAAB = ("U® PAB\a (6) 

5=1 

where pAB\a — TI'a- Pab\oLA a ~ and H' A „ are orthogonal 
projectors (see Appendix lAl for details). 

At the second step of the process we require the equal- 
ity I (A" A" : B) = I(A" : B") since p" AB = p' AB . This 
also implies that p AB = J2hPaPAB\a- Since the equal- 
ity above saturates strong subadditivity and we already 
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require the structure of eq. [6] we must have p'~ 



AAB 



J2d=i PaPA\a®PAB\a- In the dcphasing basis, p^\ a cannot 
contain any other diagonal elements than \a) (5| which 
j) (5 1 and p"~ = p'r . Reversing the 



means p^ d = 

operation of the unitary keeps the structure of the state 
in the disjoint subspaces which proves that the state is 
of the structure pab = Yn=i ^AiPAB^Ai- Since n > K 
we get eq. [5] 

□ 

If the measured system is of dimension d then the d- 
discord is equivalent to discord, D(B\A) = D d (B\A). In 
the case of qubits, K = d = 2 is the only non trivial value 
of K. Since D K (B\A) < D K+1 (B\A), ^-classical states 
arc necessarily (K — l)-classical, but can be (K + 1)- 
discordant (and possibly entangled). An example is a 
3x3 state which is a mixture of a maximally entangled 
state, 1\/2[|00) + 1 1 1) ] and a product state, [22}, such a 
state is 2-classical and 3-discordant. 

Restricted distributed gates - While discord is usually 
described as a measure of correlations the K-discord is 
useful as an indicator of the maximal information which 
can be gained from a system without disturbing it, more- 
over it can be used as a meaningful indicator for the clas- 
sicality of an ensemble. 

Definition 2. An ensemble of states, £ = {p 1 } is K- 
classical if and only if 
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for all choices of probabilities {pi}, < p^, < 1, X^ft = 
1. 

Here D K (AB) = min[D K (B\ A), D K (A\B)]. For sim- 
plicity we always assume D K (AB) = D K (B\A). 

To show that X-discord is related to entanglement re- 
sources we use the framework of restricted distributed 
gates first introduced in Alice and Bob may use ar- 
bitrary LOCC operations to implement a quantum gate 
on a restricted set of input states L. This corresponds 
to realistic situations where the input states are very sel- 
dom arbitrary. In particular it corresponds to the case 
where at each stage of the computation the system is 
separable. In Q we showed that even in this simple case 
entanglement resources are necessary for a successful im- 
plementation of a gate on various discordant ensembles. 
We extend that result here to the more general ensembles 
used in mixed state quantum computation. 

Definition 3. A bi-local, restricted implementation, 
Gres, of a gate G(pab) = U pabU^ on an ensemble of 
states L — {/of}^ is a completely positive trace pre- 
serving operation that is implemented using LOCC such 
that for any state p l £ £ 



Gres(p 



AB) 



J2M kP l AB Ml^Up AB U^ 
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with M k representing a (set of) LOCC operation(s). 

The restriction to local operations means that any re- 
stricted gate operation is described in the form 



Gres(pAB) 



k 



l[B kj A 



kj 



PAB 



jB kj A 



kj 



(9) 



where A k j and B k j represent an operation performed 
on Alice or Bob's side respectively. The kth sequence 

t 



11, B kj A kj 
probability p k 



n, B kj a 



kj 



tr 



IL B kj A 



will occour on a state p with 
i Pab Hj B kj A kj 



Each single operation can be considered a POVM element 
E ak j = A' kj A k j with outcome a kj or E bk] = B' kj B kj with 
b kj . 

Definition 4. A restricted, distributed gate Gres is of 
order K if there exists a bi-local implementation of this 
gate, without shared entanglement, where the first PO VM 
(Alice's) has at most K non-trivial (E a p£ 1^ elements. 

We note here that if a restricted gate can be imple- 
mented on all states in the ensemble L it can also be 
implemented on any convex combination of these states. 

To prove our final result we introduce a different nec- 
essary and sufficient condition for X-classicality. 

Lemma 2. A state pab is L\-classical if and only if 
there exists a local POVM with K elements, {E a }x and 
a product state ta (8 tb such that S[pab\\ta <X> Tb] = 
S[A A (p)\\A A (T A ® tb)] with Aa(-) = Ef=i E a ■ El 

Proof. From lemma [T] the equality above holds if and 
only if the POVM A A is reversible using local opera- 
tions. From the definition of if-discord and lemma Q] this 
reversibility condition is also necessary and sufficient for 
-ftT-classicality (see proof of Theorem [2]). □ 
Remark: It is possible to generalize the thermal discord 
(see [ILIIClI) to more general POVMs using Df h (B\A) = 

min{S[pAB\\^AB I 'Aab\ - SA^/^HA^IUb/cUb)]}- 

We are now ready to prove that operations on an 
ensemble which includes a product state and a K- 
discordant state require entanglement if the gate is of 
order K . In the special case of 2-discordant ensembles, 
this requirement restricts the gate's effective operation 
to a local unitary on each side. 

Lemma 3. A restricted, distributed gate of order K on 
an ensemble, C, that includes a product state ta 65 tb 
cannot be implemented if the ensemble is K -discordant. 

Proof. Two of the possible inputs of this gate are the 
product state ta ® tb and a /T-discordant state. Since, 
on these states, the restricted gate is equivalent to a uni- 
tary operation, the relative entropy between them should 
not change. However, the first POVM will decrease the 
relative entropy according to lemma [5J Since relative en- 
tropy is non-increasing under LOCC the gate cannot be 
implemented □ 
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An important special case of this lemma is the K = 2 
case which does not restric Alice's measurements. 

Theorem 3. A restricted, distributed gate on an ensem- 
ble that contains a product state, cannot be implemented 
without entanglement resources unless the ensemble is 2- 
classical or the implementation does not require commu- 
nications between the parties. 

Proof follows from lemma [3] and the following observa- 
tions: The exchange of information requires a measure- 
ment; A measurement has at least two possible outcomes; 
A'-discordant states are necessarily K + 1-discordant. 

Adding the results of theorem [1] we get , 

Theorem 4. A restricted, distributed gate on a 2- 
discordant ensemble that includes a product state can- 
not be implemented without entanglement resources if it 
changes the discord of any 2-discordant state in the en- 
semble. 

When the product state in question is the completely 
mixed state, the ensemble also includes the noisy states 
c*PAB + (1 — ct)\ ab I dA n th at are used in NMR quantum 
information processing |14| . 

Discussion and outlook - The results presented here are 
useful for tackling a number of questions regarding the 
role of discord and discordant states in various processes. 
Although it is not surprising that manipulating discor- 
dant states has an associated resouce cost, our results 
show that any change in discord using local operations 
results in a loss of information. 

In terms of the entanglement cost associated with ma- 
nipulating discord under LOCC, we discussed a hierarchy 



of A-discordant states of which discord (or d-discord) is 
the least sensitive and the 2-discord is the most sensi- 
tive indicator of the requirement for entanglement re- 
sources. Changing discord in a 2-discordant ensemble 
requires non-local resources, when the operation is re- 
versible. A-discord may also play a role in finding the 
number of rounds (times the parties exchange informa- 
tion) required for implementing an operation. It is also 
related to an open question regarding the difference be- 
tween the one-way and two-way quantum deficit [H, [l5| . 

Our results are qualitative: we showed that changing 
discord has an associated cost in terms of resources but 
we did not calculate this cost explicitly. It would be in- 
teresting to find a quantitative relation between discord 
in an ensemble and the entanglement and communica- 
tion resources required to manipulate this ensemble. It 
seems that two parameters play a role: the initial dis- 
cord (or A-discords) and the change in discord. Such a 
quantitative result may also answer a practical question: 
Are restricted gates an efficient alternative to standard 
unitary gates?. 

Moreover, a quantitative relation between discord and 
quantum computation resources provides an operational 
approach to a long sought-after resource theory for dis- 
cord. Here discord indicates the need for other resources 
rather then playing the role of a resource per-se. 
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Appendix A: Strong Subadditivity 

For a state pabc on Ha ^Hb ® He the strong sub- 
additivity inequality reads fTo| 

S(pab) + S{ PBC ) > S(pabc) + S(j> B ) (Al) 

Which can be rearranged as 

I(A : BC) > I {A : B) (A2) 

The states which saturate this inequality are or the 
form [ilj : 

PABC = ^ViPAB\ ® PBfd ( A3 ) 
i 

with p B L £g) p B R belonging to the left and right parts of 
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the space. 

Hb = @H b l®H b * (A4) 

i 

This means that Pab l ® PB R d = tr acIpab 1 - ® 
Ab r cJ = PBj belong to disjoint subspaces, PBipB, = 
SijPBi- To state it in a different form: one can find or- 
thogonal projectors onto these disjoint subspaces IT = 
\u b l®'H b r with IT II/ = SijUi and JT IT = 1 such that 

YijpBjlj = SijPBi ■ We use the hat to signify that IT are 
not necessarily rank-1. 

Now let pabc = Yl!i=iPiPAB\i®\i) (i I c where the states 



\i) are orthogonal and Pab\i 7^ Pab\j f° r i 7^ j, then pabc 
will satisfy cq. IA3I if and only if there exist k orthogonal 
projectors n Bi such that p A BC = J^i^BiPABC^B,- This 
proves the following proposition. 



Proposition 1. A state pabc = Y,i=iP*PAB\i ® \i) {i\ c 
with p AB \i Pab\ 3 for i ^ j will satisfy eq. H3 if 
and only if there exist k orthogonal projectors II Bi on 
the subsystem B such that ^11^, = 1_b an d Pabc — 

J2i Ilfli PABC^-Bi 

This proposition is also valid if A and C are inter- 
changed. 



